I work out the general expressions for the first relativistic correction of order 1 c 2 to thermodynamics. The starting point is the relativistic Hamiltonian that I derived in a previous paper, which I expanded to powers of 1 c 2 to derive a local (in time) Hamiltonian. Limiting to the first relativistic correction, I worked out in general how the relativistic corrections to thermodynamics arise. I then applied the formalism to the problem of N particles with harmonic oscillator interaction in 3D to see the explicit expressions for relativistic corrections.
I was not aware of the works done on extending to relativistic dynamics. I was only familiar with the works that stated that there is no Hamiltonian for interacting particles that will satisfy the Poincare group [2] [3] [4] until I chanced upon a review article on relativistic brownian motion [5] , which gave a short summary of attempts on the search for a relativistic many particle dynamics. There seems to be two approaches, one is by using Dirac's constrained formalism to derive a Hamiltonian that satisfies the Poincare algebra as represented by the following papers [6] [7] [8] [9] . It seems the Poincare algebra is satisfied in this approach but the non-local in time interaction is not transparent. Also, the Hamitonian is not unique as it depends on the additional constraints one has to impose. The other is to take into account the non-local in time nature of relativistic dynamics as presented in the works of [10] [11] , with the last paper claiming that the non-local in time formulation leads to translation, rotation and boost generators that satisfy the Poincare algebra. This is where I differ because in my simple attempt to derive a many particle relativistic dynamics by making use of a scalar field and eventually integrating it out, the generators in the effective dynamics are conserved but do not satisfy the Poincare algebra because of the non-local in time dynamics. Still, the derived relativistic Hamiltonian nicely gives the non-relativistic two body interactions in the limit c → ∞. Thus, although my previous paper has not settled the Poincare algebra issue raised originally, the relativistic Hamiltonian I derived looks like a viable starting point for a relativistic thermodynamics. This is what I will do in this paper. And since an exact evaluation of the partition function is not possible, I will do an expansion in 1 c 2 corrections to the non-relativistic thermodynamics. * Electronic address: jose.magpantay11@gmail.com But first, I give a summary of the relativistic Hamiltonian I presented previously. This is given by
where the ellipsis represent higher orders in 1 c 2 . Substituting this expression in equation (2a) gives
Equation (5) clearly shows that as c → ∞, we get the non-relativistic Hamiltonian given by equation (1) . Note, equation (5) is still expressed in terms of velocities, which must be given in terms of momenta. It even has an acceleration term, which we now argue as negligible compared to the velocity terms of the same order in . Substituting this in equation (5a) and consistently expanding all terms to 1 c 2 , we find
where the ellipsis in equation (7a) represent terms that are of order 1 c 4 or higher. Thermodynamics begins with the evaluation of the partition function given by
which upon using equation (7) gives
Equation (9) clearly gives the 1 c 2 corrections to thermodynamics, which we will explicitly compute for a specific two-body potential.
III. NON-RELATIVISTIC HARMONIC OSCILLATOR POTENTIAL IN 3D
Consider N identical particles of mass m, confined in a cube of volume V = L 3 , and at temperature T. Assume that the particles interact with the harmonic potential
where the strength of interaction λ is the same for all two-particle interactions. If the gas is non-relativistic, the partition function, as given by equation (9b), is
The momentum integrations are trivial, they give (4π)
while the coordinate integrals are a bit more involved. The container is defined by having
The integration involving x 1 is carried out by making a change of variables
, where Φ(x) is the error function defined by the integral
where
Taking into account the additional terms when we defined x ′ 1 and the other terms involving x 2 coming from the two-body potential terms, the change of variable
Continuing the process to step j for j = 3, 4, 5, there is a noticeable pattern, that for an arbitrary j, define
. To prove that the formulas at level j are valid, I make use of induction. I assume that the jth step formulas are valid and derive the (j + 1) st formulas and show that these are precisely given by the j th iteration formulas with j changed to j + 1.
Then we follow the process until the N − 1 term to give the last change of variables
. Finally, the last integration over x N is done with result similar to that of x 1 .
The simplification of all the terms follow from the fact that we have typically N ∝ 10 23 , thus all the α j = 1 2 √ 2
[βλN ] 
This is one of the main results of the paper, the partition function for a thermodynamic system of non-relativistic N particles in 3D with two-body harmonic interactions in a closed form. However using equation (12) , the partition function is not very useful. But there is a useful series expansion of the error function, the Burman series [13] given by
where c k are numbers, decreasing as k increases, and x = αV 23 , we find x is indeed very large and we can, to a very good approximation, truncate Φ(x) to
Equation (15) is then substituted in equation (13) to give the non-relativistic partition function
where a = . Although this partition function is not exact, the dropped terms are really small. Equation (16) is the starting point of the computation of the thermodynamic quantities, see for example [14] , resulting in
where the entropy S follows from equations (16) and (17a). Note, the N non-relativistic free particles thermodynamics cannot be derived from above by taking λ → 0. This is due to the fact that the above results follow from the truncated Burman expansion of the error function as given in equation (14) , which is valid for large x = . The free particle limit takes λ → 0, which means taking x small and this necessitates another expansion for the error function, which is given by [12] Φ
where only the first term is explicitly written for very small x. Substituting this term in Z nr given by equation (13), the result is simply
the known result for free particles from which follows the thermodynamic relations.
The discussions in Section II give the relativistic Hamiltonian given a non-relativistic system with 2 body potential. In particular, equation (7b) gives the first relativistic correction, the 1 c 2 correction to the non-relativistic Hamiltonian given by equation (1) . I now apply this formalism to the system described in Section III.
Using equation (2c), the relevant n
where Λ is a constant given by
As the discussions in the next sections will show, the relevant constant that appear in the relativistic correction is not Λ alone but Λ multiplied by another constant Ξ and its is this product that will be evaluated in the appendix carefully. Important in equation (7b) are the Q jk ( x b − x c ) given in equation(5c) and the result follows by substituting equation (20)
where Λ is given by equation (20) and Ξ is a constant given by
Equation (22) shows that the relativistic correction depends on the product of the two constants ΛΞ, which is evaluated in the Appendix A showing the value
Substituting in equations (7a) and (7b), the relativistically corrected Hamiltonian to H nr given by equation (1) with the two-body potential given by equation (10) 
Substituting equation (25b) in equation (9c) will solve for ∆Z that should be added to Z nr given by equations (13) and (15) . The evaluation is tedious and long but straightforward giving
where Z nr is the non-relativistic partition function for the N particles with harmonic oscillator two-body interaction given by equations (13) and (15) while Z f nr is the partition function for N free non-relativistic particles given by
From this, we can compute the 1 c 2 corrections to the thermodynamic quantities given in equations (17;a,b,c).
V. THE HYBRID EXPANSION
Note that for a system of N free relativistic particles, the partition function is exactly solvable, i.e.,
and K 2 is a modified Bessel function of the second kind of order 2 [12] [15] and Z rkin is the kinetic term of the free relativistic particle partition function. This suggests a possible more accurate expansion to order 
The fact that the relativistic kinetic energy is added to the non-relativistic two body harmonic potential in equation (30b) shows why H hy is a hybrid Hamiltonian. ∆H 2 given by equation (30c) differs from ∆H 1 given by equation (25b) because the kinetic term in equation (30b) is fully relativistic. From H hy the hybrid partition function is easily computed using the spatial integration done in Section III and the momentum integration given in equation (29) resulting in
The counterpart of equation (9) in this hybrid computation is
The evaluation of equation (32b) is similar to the evaluation in Section IV that gave equation (26) differing only in the use of the following
Equation ( 
where Z f r is the partition function for N free relativistic particles given by equations (28) and (29). Notice that equation (34) mirrors equation (26) the difference being instead of Z nr and Z f nr we have instead Z hy and Z f r . It should be expected that the thermodynamics of the relativistic system should be more accurately computed using the hybrid expansion.
VI. CONCLUSION
In this paper, I show how to compute the relativistic partition function up to 1 c 2 by making use of the relativistic potential, which I derived in a previous paper. To illustrate the method, I applied the formalism to a system of N particles with two-body interaction given by a harmonic potential. I then computed the partition function in two ways -(1) with a non-relativistic Hamiltonian with both kinetic energy term and two-body potential non-relativistic (see sections III and IV ), (2) with a hybrid expansion, with the kinetic term fully relativistic because its contribution to the partition function is exactly known in a closed form and relativistic potential expanded in powers of I end with a discussion on satisfying the Poincare algebra in relativistic particle-particle dynamics. Inherent in relativistic particle dynamics is the time-delay in the interaction. In my previous paper, I showed that it is this time-delay that prevents the generators of space-time transformations from satisfying the Poincare algebra. However, as I noted in the introduction, there are previous works that claim the contrary. But their Hamiltonian and other generators are different from what I derived. I think this is an issue that still needs clarification. 
